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Random Packing of Heterogeneous Propellants

G. M. Knott,¤ T. L. Jackson,† and J. Buckmaster‡

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

A random packing algorithm is implemented to construct numerically models of heterogeneous propellants.
These models consist of random distributions of spheres in a periodic cube. The spheres can have various sizes,
randomly assigned if desired. Packing fractions are calculated for a bimodal model (spheres of two different
sizes) and compare well with old experimental data for steel shot. Slices through the cube de� ne surfaces that
represent propellant surfaces, and the stoichiometry of these surfaces is a stochastic variable. Several realizations
of the propellant cube are constructed and variations in surface stoichiometry are examined using histograms and
Fourier series. A sample � ame calculation is presented and solved using data de� ned by a single surface realization.

Introduction

W E are concerned with heterogeneous propellants in which
particles of ammonium perchlorate (AP) are randomly

imbedded in a fuel binder. A slice through such a propellant de-
� nes a surface, partly AP, partly fuel, which de� nes data for a three-
dimensional combustion � eld. It is well established that the nature
of this combustion � eld and the heat that it generates (which con-
trols the surface regression, the burning rate) dependson these data.
Accordingly, any complete description of propellant burning must
incorporatean algorithmthatdeterminesthepropellantmorphology,
the manner in which the particles are packed.

The problem of propellant � ames is one that has been discussed
for many years. There have been creative efforts to de� ne mean-
ingful one-dimensionalmodels, homogenized false propellants that
in some way re� ect the true heterogeneousnature and its statistical
properties,1;2 and � ame con� gurations have been drawn, rooted in
physical insight, that have played an important role in the discus-
sion of propellantbehaviorand in the interpretationof experimental
results, for example, see Refs. 3 and 4. What has beenmissing,how-
ever, are attempts at three-dimensionalsimulations that account for
at least the minimum chemical ingredients (the AP decomposition
� ame, the AP/binder diffusion � ame, and its edge), the random
nature of the propellant morphology, the uneven regression of the
propellant surface, the different mechanical properties (density and
thermal diffusivity) of the AP and binder, and the � eld processes
(diffusion and � ow) in the two phases.

There is no doubt that availablecomputationalpower now makes
it possible to consider such calculations, and it is reasonable to ar-
gue that there are important fundamental questions of propellant
burning that will not be answered until such calculations are suc-
cessfully performed. They are dif� cult, however, and which details
are important and which are not is not transparent. For this reason,
we think it best to take a cautious approach, adding the ingredients
incrementally. Morphology affords an example. Our � rst attempt
at three-dimensionalcalculationsuses a lattice propellant,a regular
bimodal array of spheres,5;6 a natural choice in the absence of a ran-
dom packing algorithm. However, if one compares slices through
such a propellantwith the slices generated in the present work there
are signi� cant differences, and we believe that some of the sur-
faces de� ned by the lattice are physicallyunrealistic and should be
avoided.

Algorithms for periodic propellants in which the particles are
spherical are quite simple; this is true even though spheres of var-
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ious sizes must be used to achieve a stoichiometric mix of AP and
binder. Such is not the case, however, for a random pack. Fortu-
nately, the packing problem is one that is of interest beyond the
narrow boundaries of propellant combustion and has been studied
both experimentally and numerically.

We start with a brief description of some experiments on the
packing of steel shot, reported in 1961 (Ref. 7). Bimodal packing
is investigated in which spheres of diameter 0.124 in. (mesh 7) are
packed with smaller spheres. The smaller spheres are de� ned by
Table 1.

The packingvolume is de� ned as the volume of the particlesplus
the interstitial volume. The packing fraction ½ (the fraction of the
packing volume that is particles) is measured as a function of the
volume fractionof � ne particles(the volumeof � ne particlesdivided
by the total volumeof particles); the resultsare reproducedin Fig. 1.

When the particle volume fraction is 0 or 100%, the packing
is monomodal and the packing fraction is approximately 0.625.
Higher packing fractions are achieved for bimodal packs and the
greater the disparity in sizes, the greater the packing fraction. In all
cases, the maximum occursat approximately30% � ne, 70% coarse.
The largest packing fraction implied by this data is 0.8594. This is
achieved by taking a monomodal pack and packing the interstices
with a monomodal pack of vanishingly small spheres so that the
packing fraction is

0:625 C 0:375 £ 0:625

The correspondingpercentage of � ne particles is 27.36%.
Typically, the packing fractions achieved are smaller than those

that can be obtained using a lattice pack. Thus, a face-centered
cubic lattice (monomodal) has a packing fraction of 0.7405, and
the bimodal pack (spheres of relative size 1 and 0.35) discussed
in Refs. 5 and 6 has a packing fraction of 0.7653. In contrast, the
packing fraction required for a real AP propellant is approximately
0.80.

A numericalstrategy(a packingalgorithm) that we � nd is capable
of duplicating McGeary’s7 data has been described in a number of
papers by Lubachevskyand Stillinger8 and Lubachevskyet al.9 The
strategy is simple, but ingenious.

We start with a periodic array of cubes, and in one of these cubes
(hence,mirrored in all of its neighbors)we randomlyplace N points,
each of which is randomly assigned a velocity. These points are
kernels for the spheresthatwill eventuallypack thecube.To produce
spheres of different sizes the points are partitioned into M classes,
so that

N D
M[

i D 1

Ni (1)

M is the number of sizes that will be generated, so that M D 2
for a bimodal pack. The de� ning characteristicof each partition is
that around each point in the partition a sphere grows at a rate ai t .
Speci� cation of each ai de� nes the relative sphere diameters in the
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Table 1 Mesh number/diameter
data from Ref. 7

Mesh no. Diameter, in. (cm)

7 0.124 (0.315)
20 0.036 (0.091)
30 0.026 (0.066)
40 0.019 (0.048)
60 0.011 (0.028)
80 0.0075 (0.019)
100 0.0065 (0.017)

Fig. 1 McGeary’s data for packing fraction.7 McGeary plots the pack-
ing volume v for a � xed particle volume of 62.5, on a linear scale, and
the packing fraction is 62.5/v £ 100%, plotted on a nonlinear scale. The
packing fraction is shown here on a linear scale.

pack,and this speci� cationmay be randomor determinate.Thus, for
t > 0 we have spheres moving in the cube, and these will collide; a
collisionalgorithmis an essentialpart of the picture.This algorithm
conserves momentum but it does not conserve energy. A rebound
component is added to the postcollisionvelocities of each collision
pair, directed along the line of centers, and this has two effects: It
ensures that the pairs do not stay in contact despite their growth,
so that all collisions are discrete; and the added energy forces the
particles into tight spaces, is the element of violence characteristic
of mechanical packing. In due course, the spheres jam against each
other, the time between collisions goes to zero, and the pack is
de� ned.

A brief description of the algorithm may be found in Ref. 8, but
it is useful, we believe, to enlarge on it and make it more accessible
to the propellant community.

Packing Algorithm
Consider a unit cube and its 26 contiguous neighbors.These can

be identi� ed by the triple .p; q; r / where p; q; and r have the values
0; §1 and are the coordinates of the center of each cube relative to
the center of the primary cube (henceforth, the cube). The N points,
labeled with i (i D 1; : : : ; N ) are assigned to random locations in
the cube, each point with random initial velocity of magnitude less
than 1. Apart from the diameters, the state of the system at any time
is de� ned by the state vector

S D .ri ; vi /; i D 1; : : : ; N (2)

where ri is the position of the center of the i th sphere and vi is its
velocity. (A sphere is only within the cube if its center is in the
cube.) The diameter of the i th sphere is equal to ai t where ai takes
on one of M values, according to the partition.

For the most part, the state evolves simply because each position
vector changes according to the rule

dri

dt
D vi (3)

where vi is a constant. However, at discrete times an event occurs,
and the state vector jumps. There are two kinds of events: exit of
a particle through a face of the cube, with the corresponding entry
of a periodic partner at the opposite face, and a collision. Collisions
occur eitherbetweenspheres that are in the cube (contact collisions)
or betweenone sphere that is in the cube and one that is not. Because
the latter has a periodic partner inside the cube, this is equivalent to
collisionat a distance,a remote collision.The algorithmmust do the
following:Given S following an event at t D t1 we need to calculate
t2, the time of the next event, and the subsequentnew state following
that event.The chainof sucheventsis followed(in number105 or so)
until no signi� cant changes in the packing fraction occur because
the particles are closely packed.

Collision Times
Consider the particles i and j . We can calculate the time to con-

tact collision between these particles in the following fashion. The
spheres are located at

ri1 C vi 4t; r j1 C v j 4t (4)

where ri1 and r j1 are the positions at t D t1 and 4t is the elapsed
time. The collision occurs (if it does) when the separation distance
is the average of the instantaneousdiameters, that is, when

jri1 C vi 4t ¡ r j1 ¡ v j 4t j D 1
2 .ai t1 C ai 4t C a j t1 C a j 4t/ (5)

This is a quadratic in 4t that will have complex roots (no colli-
sion), two negative roots (past “collision”), or two positive roots.
(Real roots of different signs are not possible because the two par-
ticles cannot be overlapping.) In the latter case, we set the collision
time Â.i; j/ equal to the smaller of the positive roots, otherwise we
set Â.i; j/ D 1. Because the matrix Â.i; j/ is symmetric, only the
times for the half matrix i · j , j D 1; : : : ; N , have to be calculated.

Remote collisiontimes are calculatedwith the use of a small mod-
i� cation.Consider, for example,the collisionbetween the i th sphere
in the cube and the j th sphere in the neighboring cube .¡1; 1; 0/.
The latter sphere is located at

r j C .¡1; 1; 0/ D r j1 C v j 4t C .¡1; 1; 0/ (6)

and this is used instead of r j in Eq. (5) to calculate the collision
time; this has to be done for all i and j . However, the collision time
matrix de� ned in this way is the transpose of the matrix de� ned by
the mirror cube .1; ¡1; 0/ and so, although there are 26 neighboring
cubes, these calculationsonly have to be done for 13 of them. Thus,
13 1

2 collision matrices have to be calculated, and the minimum of
all of the matrix elements identi� ed. This is the time to the next
collision.

Exit Times
Assume that the faces of the cube (three pairs) are located at

x D 0; 1I y D 0; 1I and z D 0; 1. Because the components of the po-
sition of the i th particle are

xi D xi1 C vi x 4t; : : : (7)

the times at which it crosses these planes are

4t D ¡
xi1

vi x
;

1 ¡ xi1

vi x
; ¡

yi1

viy
;

1 ¡ yi1

vi y
; ¡

zi1

vi z
;

1 ¡ zi1

vi z

(8)

and the exit time ´.i/ is the smallest of these. This has to be calcu-
lated for all i .

Updating S
The next event, following the one at t D t1 , occurs at

t D t2 D t1 C 4t¤ (9)

where 4t¤ is the minimum of all collision times and exit times. If
4t¤ is de� ned by a collision, the collision partners i¤ and j¤ are
identi� ed. All position vectors are updated, that is,

ri2 D ri1 C 4t¤vi (10)
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and the collision algorithm determines new values of vi¤ and v j¤ .
The other velocities are unchanged.

If 4t¤ is de� ned by an exit, an exit particle i¤ and an exit face are
identi� ed. There are no changes in the vi , and the position vectors
are updatedas in Eq. (10)with an additionalincrementof .§1; 0; 0/,
.0; §1; 0/, and .0; 0; §1/ to ri¤ , according to the exit face.

Updating Event Matrices
At this point the entire process can be repeated. However, the

calculationof the new values of Â.i; j/ and ´.i; j/ is, in most cases,
trivial because

Â.i; j/ ! Â.i; j/ ¡ 4t¤; ´.i/ ! ´.i/ ¡ 4t¤ (11)

except for those entries that involve the particles i¤ and j¤, or just
i¤ alone, that were affected by the event. Thus, for the contact col-
lisions, Â.i¤; j/ D Â. j; i¤/ must be recalculated for all j to replace
the values Â.i; i¤/ for i · i¤ and Â.i¤; j/ for j > i¤, and the same
must be done for the particle j¤. Also, Â.i¤; j/ and Â. j¤; j/ must
be recalculated for all j for the 13 remote collision matrices. Exit
times must also be recalculated for i¤ and j¤.

A strategy that is useful for speeding up the calculations is to
search for collision partners of i only in some restricted neighbor-
hood of ri . An occasional overlap check (no point should lie simu-
laneously in more than one particle) can ensure that a large enough
neighborhoodhas been chosen.

Another short cut is to ignore exit events and reset S only af-
ter collisions. This fails to account for collisions between particles
originatingin the cube and those originatingoutsideof the cube and
its 26 neighbors, but the chances of such collisions being the � rst
are remote. With this strategy, after each collision the cube (and,
hence, its neighbors) is repopulatedusing the current position of all
N particles and appropriate periodic mappings.

Collision Dynamics
Consider two particles i and j that collide that have velocities ui

and u j immediately preceding the collision and velocities vi and v j

immediately after. The positionsof the particles ri and r j are known
at the moment of collision.

The velocity components in the tangent plane at the point of
contact are unaffected, that is to say,

.ui ¡ vi / £ .ri ¡ r j / D .u j ¡ v j / £ .ri ¡ r j / D 0 (12)

Momentum is conserved,

m i .vi ¡ q/ C m j .v j ¡ q/ D 0 (13)

where m i and m j are the individual masses and

q D
m i ui C m j u j

m i C m j

(14)

is the velocity of the center of mass prior to collision.
If energy were conserved, this would complete the determination

of vi and v j and, in particular, the components along the line of
centers

vi ¢ .ri ¡ r j /; v j ¢ .ri ¡ r j / (15)

To these values we add
.ri ¡ r j /

jri ¡ r j j
h (16)

to i , and

¡
m i

m j

.ri ¡ r j /

jri ¡ r j j
h (17)

to j . Should the values (15) both be zero, we require

h.1 C m i =m j / > 1
2
.ai C a j / (18)

so that contact is not sustained between the growing particles, and
we make the choice [ whatever the value of Eq. (15)]

h D
.ai C a j /

.1 C m i =m j /
(19)

Fig. 2 Partial pack for a trimodal distribution.

Fig. 3a. Monomodal packing fraction as a function of N.

Fig. 3b. Packing fraction for the 7–20 bimodal mix, numerical (——)
and experimental (– – – ).7

As a consequence, the average speed of the particles increases with
the number of collisions, and at various times it is useful to renor-
malize all of the velocities.

Before turning to detailed results, we show in Fig. 2 an interme-
diate pack for a trimodal distribution, a snapshot before the � nal
packing is achieved. A packing movie can be seen at the website
http://www.csar.uiuc.edu/»tlj/roc� re.html [ cited June 2000].

Results of the Packing Algorithm
Lubachevsky and Stillinger have reported results for single-

sized particles.8 They � nd that for N D 1000, the packing density
½ D 0:63715960,and that for N D 8000,½ D 0:63788205.These re-
sults are close to the experimental values of McGeary.7 Fortunately,
accurate answers can be generated for much smaller values of N .
We � nd that ½ D 0:634266 for N D 40 and that ½ D 0:635362 for
N D 100, with little variation for N > 40 (Fig. 3a). Only for a mod-
est number of spheres in the cube, with a corresponding modest
number in any slice through the cube, can we realisticallyexpect to
calculate the associated combustion � eld.

Calculations using this algorithm have not previously been re-
ported for bimodal packing. Figure 3b shows results that we have
obtained for a mesh 7–mesh 20 mixture compared to McGeary’s7

data, and excellentagreement is achieved.The only other attempt to
predict McGeary’s data that we are aware of is reported in Ref. 10;
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Table 2 Packing fractions for a mix of 20%
mesh 7 and 80% mesh 30

No. of No. of
mesh 7 mesh 30 ½

20 542 0.7553
30 814 0.7278
40 1085 0.7428

reasonable agreement is achieved when high-order approximations
in this theory are used, but only packing densities are reported, not
morphologies.

Calculationsfor a mix consistingof 20% mesh 30 and 80% mesh
7 yield the results shown in Table 2. McGeary’s result,7 read from
Fig. 1, is close to 74%, and so again, when we use 40 large spheres
we get excellent agreement. Note that the total number of spheres
(1125) is quite large, so that these computations are intensive. The
number of small spheres required for a � xed fraction grows more
rapidly than the inverse diameter cubed so that a mesh 70–mesh 6
mix, 20% � ne, requires more than 10,000 particles.

Comments
Notwithstanding the agreement between the calculated results

and McGeary’s data,7 a recent paper that only became available to
us after the submissionof this work makes clear that there are subtle
issues in the study of random close packing (RCP).11 To paraphrase
Ref. 11, the idea that RCP is the highest possible density that a
random sphere packing can attain is ill de� ned because one can
achieve arbitrarilysmall increasesin packing fractionat the expense
of small increases in order. Thus, the packing fractions achieved by
the Lubachevsky–Stillinger8 protocol depend on the set of growth
rates of the spheres: the smaller these rates the more ordered is the
� nal pack, and the higher the packing density.Monomodal packing
densitiesbetween 0.64 and 0.68 are reported in Ref. 11, the smaller
� gure being close to our results. This issue is unlikely to be relevant
to the propellantapplication,where it is probably suf� cient to avoid
strongly ordered (lattice) states.

Propellant Data
A large body of propellant data has been reported by Miller.12

Consider, for example, the propellant labeled SD-111-88-11. This
consists of 45.26% by weight of 20-¹m AP particles, 42.11% by
weightof 6-¹m AP particles.The size ratio is 3.333,not toodifferent
from the mesh 7–mesh 20 ratio of 3.4444. The percentage of � ne
particles is 48% and McGeary’s data7 (see Figure 3b) predict a
packing fraction of approximately 0.70 in this case. If we take the
speci� c gravity of AP to be 1.95 and that of the binder to be 1.01
(Ref. 13), the correspondingmass fraction is 0.818, compared to the
actual value of 0.8737. Put another way, the actual volume fraction
of AP is 0.782 compared to the predicted value (assuming perfect
spheres of only two sizes) of 0.70, a signi� cant difference.Various
reasons for this discrepancycome to mind. The AP particles are not
exactly 6 or 20 ¹m in diameter and cannot, in fact, be characterized
by a single length because they are not spherical.Thus, variationsin
size about the mean value may account for the discrepancy,as may
the deviations from sphericity. These questions can be explored by
appropriate modi� cation of the basic algorithm, and we plan to do
this in the future. Despite this unresolved issue, we proceed with
calculations relevant to this propellant.

We take 20 particles of diameter 20 ¹m and 688 particles of di-
ameter 6 ¹m, so that the ratio of the volume of small to large is
0.9288 (cf. Miller’s12 ratio of 0.9304). We shall show the results of
three packing calculations for different values of the seed that con-
trols the random choices of the initial data. Figure 4 shows equally
spaced slices through one of the packs generated in this way, with
½ D 0:6807. The separation between the slices is one-eighth of the
cube’s linear dimension. This dimension (scaled from the particle
sizes) is 61.92 ¹m. (Thus, if the larger particles were 100 ¹m in
diameter, the cube side would be 309.6 ¹m). The � rst and last slices
in Fig. 4 correspond to the end faces and so are identical. In all of
these calculationswe have found it convenient to consider a cube of

Fig. 4. Propellant slices for seed A; packing fraction = 0.6807.

Fig. 5a. Variations in the area packing fraction with z for seed A.

Fig. 5b. Corresponding variations in the equivalence ratio Á.

side 2, centered at the origin of axes, and this requires some minor
rewording of our description of the algorithm.

Figure 5a shows variations in the area packing fraction as one
proceeds through the cube. The integral average (area under the
curve divided by 2) is 0.6807. An area equivalenceratio Á for each
slice can be de� ned by the formula

Á D binder area
AP area

¢ AP volume
binder volume

(20)

the volume ratio being 0:6807=0:3193. These variations are shown
in Fig. 5b.

The integratedaverageof Á is 1.00515,close to 1 but not equal to
1, andwe canunderstandthis in the followingfashion.The fractional
AP area can be written as

AAP D 0:6807.1 C ²/ (21)

Then, if we replace the fractionalbinder area by 1¡ AAP and expand
the formula (20) as a Taylor series in ², we � nd

Á D 1 C .1=0:3193/.¡² C ²2 C ¢ ¢ ¢/ (22)
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Fig. 6. Fourier series coef� cients for the equivalence ratio of Fig. 5b.

Fig. 7. Plot of p[ Á >Á¤ ] vs Á¤ for seed A (——), seed B (–¢ –), and seed
C (– – – ).

and because the integral of ² over the interval vanishes,

1

2

Z C1

¡1

Á dz D 1 C
1
2

0:3193

Z C1

¡1

²2 dz C O.²3/ (23)

where ² is roughly 0.05, and so it is clear why the integrated equiv-
alence ratio is very close to 1 despite pointwise deviations that are
as large as 40%.

The Fourier representationof Á is

Á D
1X

n D 0

an cos n¼ z C
1X

n D 1

bn sin n¼ z (24)

and the coef� cients a1¡19 and b1¡19 are shown in Fig. 6 (a0 , essen-
tially 1, is not shown). The small particles have a diameter ’ 1

10
of the cube side, corresponding to n ’ 10, and there is some mode
enhancement in that neighborhood. The larger particles have a di-
ameter ’ 1

3 of the cube side, correspondingto n D 3, and the impact
of these is also apparent. It might be thought that the strong n D 1
mode is a natural consequenceof examining periodic cubes, but we
shall see that this mode is not always signi� cant.

The solid curve in Fig. 7 shows p [ Á > Á¤], the probability that
in any slice through the propellant the equivalence ratio is greater
than Á¤; it is plotted against Á¤. The distance between the upper
axis and the curve is p [ Á < Á¤]. Approximately one-half of the
slices are fuel rich, one-half fuel lean, but the distribution is not
symmetric. This is also apparent in the histogram of Fig. 8, which
shows p [ Á¤ ¡ 0:025 < Á < Á¤ C 0:025] for the discretevaluesof Á¤

0.7(0.05)1.5.
Figures 9–12 show the same information for a different choice of

the random seed (p [ Á > Á¤] is drawn in Fig. 7 as a dash–dot curve).
The n D 3 and n ’ 10 Fourier modes are again signi� cant (Fig. 11).
Remarkably, almost one-fourth of the slices have an equivalence
ratio in the interval (0.925, 0.975) (Fig. 12).

Finally,Figs. 13–16 showthe results for a third choiceof the seed.
The Fourier modes n D 3 and 10 are signi� cant, but the mode n D 1

Fig. 8. Histogram of the equivalence ratio for seed A.

Fig. 9. Propellant slices for seed B; packing fraction = 0:6930.

Fig. 10. Area packing fraction and equivalence ratio variations for
seed B.

is not (Fig. 15). Note that for all three seeds (Figs. 6, 11, and 15) the
n D 2 mode is always signi� cant, for reasons that are not obvious to
us. Note also that far fewer modes are signi� cant for the third seed
than for the other two. Perhaps not coincidentally,the histogram of
Fig. 16 shows a much broader distribution than the other two, with
all of the individual probabilities lying below 0.13, and 10 of 12
lying above 0.05. The curve in Fig. 7 for this case (dashed line) is
the most symmetric of the three.
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Fig. 11. Fourier coef� cients of the equivalence ratio for seed B.

Fig. 12. Histogram of the equivalence ratio for seed B.

Fig. 13. Propellant slices for seed C; packing fraction = 0:6943.

Although the choice of three different seeds generates only three
realizations of the propellant cube, it generates nine realizations of
the set of propellantslices (burning faces) because each cube can be
sliced in three differentdirections.We have shown results for which
the slices are in the x – y plane; Fig. 17 shows a histogram for seed
C for which the slices are in the y– z plane, a result quite different
from Fig. 16 for the same seed.

What these results show collectively is that, apart from the per-
sistence of the n D 2, 3, and n ’ 10 modes in the Fourier analysis
of the equivalence ratio, it is dif� cult to draw general conclusions.
The product is random.

Fig. 14. Area packing fraction and equivalence ratio variations for
seed C.

Fig. 15. Fourier coef� cients of the equivalence ratio for seed C.

Fig. 16. Histogram of the equivalence ratio for seed C.

Fig. 17. Histogram of the equivalence ratio for seed C; slices in the y–z
plane.
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Table 3 Packing fractions for an Al/AP mix

No. of No. of No. of Cube size,
Case large AP small AP Al ½AP ½solids (¹m)

1 20 556 4 0.5848 0.7002 63.06
2 40 1111 7 0.6011 0.7049 78.72

Fig. 18. Propellant slices with added aluminum, case 1.

Inclusion of Aluminum
When aluminum is included in the propellantmix, it will be nec-

essary, in general, to account for three sets of particles: large AP,
with some distributionabout the mean, perhaps; small AP, also with
some distribution; and aluminum. The propellant SD-1-88-13 de-
scribed by Miller12 contains40% by weight of 20-¹m AP particles,
30% by weight of 6-¹m AP particles, and 18% by weight of 24-¹m
Al particles, so that the particles total 88% by weight. Assuming
speci� c gravities of AP:1.95, Al:2.79, binder:1.01 (Ref. 13), the
corresponding volume percentages are AP:66.2% and Al:11.9%,
for a total of 78.1%.

We have carried out two calculations with the relative percent-
ages of the various particles � xed at Miller’s12 values, to the extent
possible for an integer number of particles. Results are shown in
Table 3.

Again, the packing fractionsachievedare short of the experimen-
tal values, probably for reasons that we have already described. If
we lump the Al and large AP particles together, the percentage of
� ne particles compared to the total volume of particles is 57.6%,
so that the packing fractions of approximately 70% that we get are
again consistentwith McGeary’s7 data. The discrepancy is not due
to an inadequacy in the algorithm, it is a consequenceof the choice
of particle sizes and shape.

Figures 18–21 show propellant slices for the two cases, the cor-
responding variations of area fractions (AP and Al), and the equiv-
alence ratio [ still de� ned by Eq. (20)]. Some of the slices contain
no Al, and some slices contain as much as 20% Al.

Propellant Flames
Packing algorithms have a number of applications, but we have

already made clear our interest in generating physically meaning-
ful data that can be used in propellant � ame calculations. Previous
calculations have used a lattice pack,5;6 but if one compares slices
through such a propellant with the slices we show here (Figs. 4,
9, 13, 18, and 20), there are signi� cant differences. It is well es-
tablishedby experiment that burning rates, pressure exponents, and
other propellant burning characteristicsare affected by the size and
size distribution of the AP particles, and so the ability to construct
realistic packs is important in any theoretical attempt to explain

Fig. 19. Area packing fractions of AP and Al, equivalence ratio, case 1.

Fig. 20. Propellant slices with added aluminum, case 2.

Fig. 21. Area packing fractions of AP and Al, equivalence ratio, case 2.
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these effects. It is not our purpose to discuss � ame calculations in
detail, this must await another forum, but we shall give some hint of
their nature, to put some purposeto the abstract structuresdiscussed
in the preceding sections.

Our � rst examinationof the � ames supportedby slices like those
of Figs. 4, 9, and 13 uses elementary ingredients: The propellant
surface is � at; the surface temperature is uniform and assigned; the
mass � ux at the surface (associated with the regression) is uniform
and assigned; an Oseen model is used in the gas phase with the
convective operator replaced by M.@=@z/, where M is the mass
� ux (assumed uniform everywhere) and z is the distance measured
normal to the surface; and simple one-step kinetics are adopted.
These ingredients do not need to be defended, for they are only
stepping stones to a better reality, but note that the Oseen model has
been validated for one-dimensionalperiodic propellants supporting
two-dimensionalperiodic � ames: Calculationscarried out using the
Oseen model differ little from those carried out using the Navier–
Stokes equations.5;14;15

There are two types of � ame, the AP decomposition � ame and
the AP/binder � ame. It is sometimes argued that the AP � ame is so
close to the surface that it can be accounted for as an exothermic
sheetat the surface itself. In the contextof the model, it then playsno

Fig. 22. Slices through the combustion � eld supported by the surface
z = ¡ 0:5 of Fig. 4; reaction rate contours for the AP/binder reaction are
shown, values 16, 12, 10, 8, 6, 4, 2, 1, 0.5, and 0.1.

Fig. 23. Surface heat � ux associated with the combustion � eld of
Fig. 22.

direct role: The heat that it generates is indirectly accounted for by
the speci� cationof the surface temperature.Figure 22 is then typical
of the reaction rate contoursassociatedwith the AP/binder reaction.
This shows x – z slices through the � eld supported by the surface
z D ¡0:5 of Fig. 4. These calculations are for a Peclet number of
20 (de� ned by the cube edge length and the mass � ux) and reaction
stoichiometry of 0:6807=0:3193, the volume stoichiometry of the
cube. More details of the model applied in a simpler context may
be found in Ref. 14.

Discretediffusion� amesare apparent(the Bunsen-� ame shapes),
but the importantcharacteristicsare the intense reactionzones at the
base of these � ames, edge structures and merged edge structures
that are the source of the heat conducted to the surface. (Price has
championed the importance of edge structures such as these, e.g.,
Lee et al.4 ) This heat � ux is shown in Fig. 23 in both topographic
form and in contour form. In due course we expect to calculate
the nonuniform regression generated by this heat � ux and link this
regression in realistic fashion to chamber conditions.

Conclusions
In thispaper it hasbeenshownthatthedynamicpackingalgorithm

of Lubachevsky and Stillinger8 can be used to generate propellant
packs that promise to be of value in the numerical simulation of
� ames supported by heterogeneous propellants. In due course we
expect to generate packs in which the AP size distribution mimics
that of real propellants and to use these in the predictionof burning
rates.

The number of particles that we have used for the sample cal-
culations presented is quite modest (1000 or so), but when the use
of a restricted set of possible collision partners is carefully imple-
mented and collision times are stored, single-processorcalculations
for 10,000 particles can be accomplished in reasonable time. Be-
cause such a code is essentially linear in N , we expect to be able
to carry out multiprocessorcalculations for 100,000 particles or so.
This will permit the explicit descriptionof a pack with a wide range
of sizes. It is possible that resolution issues for the � ame calcula-
tions will require homogenization of the smaller particles with the
binder to create an AP/binder mixture in which are imbedded pure
AP particles.
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